Abstract. In this article, a stochastic SIR epidemic model with treatment rate in a population of varying size is proposed and investigated. For the stochastic version, we briefly discuss the existence of global unique solutions and using the Lyapunov function, the disease free equilibrium solution is globally asymptotic stabe if R 0 ≤ 1 and the endemic equilibrium solution is obtained when R 0 > 1. The main attention is paid to the pthmoment exponentially stable on the system, proved under suitable assumptions on the white noise perturbations and the optimal control for the deterministic model. Finally numerical simulations are done to show our theoretical results and to demonstrate the complicated dynamics of the model.
Introduction
Diseases can affect people not only physically but also emotionally as contracting and living with a disease can affect the person's perspective of life. Most infectious diseases could be driven toward eradication by undergoing proper treatment. With years mathematical models have become an important tool in describing the dynamics of the spread of an infectious disease and the effect of vaccination and treatments on its dynamics. As such, these models can be particularly useful in comparing the effect of various prevention, therapy and control programs. Since a variety of these programs are available, it is a natural objective to design optimal programs in terms of some pre-assumed criterion. This brings the application of the tools of optimal control to these problems. Optimal control has a long history of being applied to problems in biomedicine, particularly, to models for cancer chemotherapy.
For some diseases, medical treatments can be given to patients to cure the infection but there may not be vaccine to immunize susceptible individuals (e.g. Malaria, Cold). For few other diseases there is no cure but individuals can be vaccinated against getting infected [7] . In this paper we improve the work by taking into account one additional control measure treatment to minimize infection on both susceptible and infected individuals. We want to minimize the total amount of control measures used for the control strategy in the form of vaccination and treatment. We also assume that the susceptible individuals are vaccinated before the infection and treatment should be provided to the infected individual. The concept behind vaccination is to reduce the proportion of susceptible individuals until the disease cannot survive.
The SIR model is one of the most important models in epidemiological patterns and disease control. Various SIR models have been investigated by many researchers due to their theoretical and practical significance and the study of the model will continue to be one of the most interesting hot topics in both epidemiology and mathematical ecology. where S(t ) denotes the number of the individuals susceptible to the disease, I (t ) denotes the number of the individuals who are infectious and R(t ) denotes the number of the individuals who are recovered at time t respectively.The parameter Π represents the recruitment rate of the population, µ represents the natural mortality rate(due to other factors without the studied disease), α represents the recovery rate of infected individuals, β represents the disease transmission rate and r represents the treatment rate of the infected individuals. All the parameters are assumed to be positive constants.
All infectious diseases are subject to randomness in terms of the nature of transmission.
So, we perturbed the deterministic system (1.2) by a white noise and obtained a stochastic counterpart by replacing the rates β by β + F 1 (S, I , R) processes defined on a filtered complete probability space (Ω, F , {F t } t ≥0 , P), where
The stochastic version corresponding to the system (1.2) takes the following form,
(1.3)
Since the diffusion coefficients F i , i = 1, 2 are arbitrary local Lipschitz-continuous functions, we have a family of stochastic SIR model.
The rest of the paper is organized as follows. In Section 3, we discuss the existence of a unique global solution for the stochastic SIR model (1.3). In Section 4, we discuss the stochastic asymptotic stability of infection free equilibrium and the endemic equilibrium with the help of Lyapunov functions. In Section 5, we discuss the pth-moment exponentially stability on the stochastic SIR model. In Section 6, we formulate an optimal control problem subject to the SIR model, we discuss the existence of an optimal control and the characterize the optimal control and derive the optimality system using Pontryagin's maximum principle. In Section 7, We visualize our result.
Preliminaries
Consider the d -dimensional stochastic differential equation of the form
Wiener process, and X 0 is an R d -valued random variable defined on a complete probability space (Ω, F,P).
The infinitesimal generator L associated with the SDE (2.1) is given by 
continuous time solution X (t ) of (2.1) with X (0) = X 0 , and X (t ) ∈ D for all t > 0 (a.s.).
Assume that f and g satisfy, in addition to the existence and uniqueness assumptions, f (x * , t ) = 0 and g (x * , t ) = 0, for equilibrium solution x * , for t ≥ t 0 . Furthermore, let's assume that x 0 be a non-random constant with probability 1.
Definition 2.2.
The equilibrium solution x * of the SDE (2.1) is stochastically stable (stable in probability) if for every ǫ > 0 and s
where X s,x 0 (t ) denotes the solution of (2.1), satisfying X (s) = x 0 , at time t ≥ s. 
The following theorem is a useful criterion for stochastic stability of equilibrium solutions in terms of Lyapunov function. 
Then, the equilibrium solution x * of (2.1) is stochastically stable. 
Existence of a unique global solution
In this section, using Lyapunov analysis method, we discuss existence of a unique global solution of the model (1.3). Proof. We use Theorem 2.1 and follow ideas of [8] . Since the coefficients of the system (1. To make this solution global, we need to prove that
for n ∈ N. The system (1.3), has a unique solution up to stopping time τ(D n ). Let
Apply the infinitesimal operator L on equation (3.1), we obtain
After a little algebra, we have
Note that , inf
and apply
Dynkin's formula to get
Next, to show that P(τ(D n ) < t ) = 0, we take the expected value of
.
and obtain
, where 1 is the indicator function
for all (S 0 , I 0 , R 0 ) ∈ D n (for large n), and for all fixed t ∈ [s, ∞).
This proves the invariance property and the global existence of the solution (S(t ), I (t ), R(t )) on D. Uniqueness and continuity of the solution is obtained by Theorem 3.1.
Note that I = 0, S = 0 and R = 0 are not in the domain D. We study these cases separately.
1. If I (t ) = 0 the system (1.3) become as ODE
has a unique global solution on D 2 . It can be proven with using the function V (I , R) =
has a unique global solution on D 3 . One can be prove it using the function V (S, I ) =
Hence the proof is complete. The unique solution (S, I , R) exists globally and invariant with respect to the domain D = (S, I , R) :
Stochastic asymptotic stability of infection-free and endemic equilibrium states
A.M.Lyapunov developed a methods for determining stability without solving the equation. The stability means insensitivity of the state of the system to small changes in the initial state or the parameters of the system. For a stable system, the trajectories which are close to each other at a specific instant should therefore remain close to each other at all subsequent instants.
In this section, we study the stochastic asymptotic stability of equilibrium solutions of
The SIR model (1.3) can have at most two equilibrium solutions, namely an infection-
, 0 , which corresponds to a steady state of the population without disease and an endemic equilibrium solution
where
is the basic reproduction number.
The basic reproduction R 0 is computed using the next generation matrix approach. R 0 is the average number of secondary infections produced when one single infected individual is introduced into a host population where everyone is susceptible. When R 0 ≤ 1, the disease die out without any medical interventions but when R 0 > 1 the disease becomes endemic.
Proof. We use Theorem 4.1 and define a Lyapunov function
The infinitesimal generator L acting on the Lyapunov function can be written as: 
Proof. Note that the condition R 0 > 1 and F i (S 2 , I 2 , R 2 ) = 0, are needed for the existence of the endemic equilibrium solution. Define a Lyapunaov function.
The infinitesimal generator L acting on the Lyapunov function V 2 can be written as:
The following identities to help to simplify L V 2 (S, I , R)
After substituting the above identities into last equation, we get In the view of Theorem 4.2, the system (1.3) stabilize the endemic equilibrium level. Figure 6 We present the following theorem which gives some conditions for the pth-moment exponential stability of the disease-free equilibrium of stochastic system (1.3) in terms of Lyapunov function. Consider the Lyapunov function
Moment exponential stability
It is easy to check that inequalities
Which can be simplified to 
We use the optimal vaccination strategies to control the total number of susceptible and recovered individuals and also to minimize the probability that the infected individuals spread the disease in the population. Vaccination is regarded as one of the most primary strategies used by public health authorities to control human infectious diseases, and these strategies can also provide with some several clear benefits.
Optimal control
Consider the control variable u(t ) ∈ U to be the percentage of susceptible individuals being vaccinated per unit time. Hence
indicates an admissible control.
We define our objective functional as
Subject to
with initial conditions S(0) = S 0 , I (0) = I 0 , R(0) = R 0 . Here c is the weight factor (positive constants) which is associated with the control u(t ). The objective of our work is to minimize the infected and susceptible individuals and to maximize the total number of recovered individuals by using possible minimal control variables u(t ).
Existence of an optimal control
For existence, we consider the control system (6.3) with initial conditions, then we can write (6.3) in the following form: We set
Also, we get
Thus, it follows that the function G is uniformly Lipschitz continuous. From the definition of the control u(t ) and the restriction on S(t ), I (t ) and R(t ) ≥ 0. We see that a solution of the system (6.4) exists(Birkhoff and Rota 1989). Let us go back to the optimal control problem (6.2)-(6.3). In order to find as optimal solution. First we find the Lagranges and Hamiltonian for the optimal control problem (6.2)-(6.3). In fact, the Lagrangian of the optimal problem is given by
To accomplish this, we define the Hamiltonian H for the control problem
where λ 1 , λ 2 , λ 3 are the adjoint functions to be determined suitably.
Characterization of the optimal control
We shall now characterize the optimal control u * (t ) such that J (u * (t )) = min We applied Pontriagin's maximum principle [13] to obtain the following results. 
with transversality condition
Furthermore, the optimal control u * (t ) is given by
Proof. We from the Hamiltonian H as below
Using Pontriagin's maximum principle, we derive the system (6.10) from
The transversality conditions give λ i (t end ) = 0, i = 1, 2, 3 as in (6.11). The Hamiltonian is maximized with respect to the controls at the optimal control, thus we differentiate H with respect to u in the interior of U to obtain the optimality condition that follows.
using the property of the control space, we obtain
So the optimal control is characterized as
Therfore our resulting optimality system is 
Numerical simulation
In this section we visualize our results.Consider the deterministic SIR model (1.2) as Consider the stochastic SIR model.
where Π, α, β, r, and µ are positive constants and an endemic equilibrium
Global existence of a unique solution of the system (7.1) in
is proven by Theorem 3.1. 
for a = 1 2 bS 2 , taking b = 1 > 0.
Optimal control results
We use the backward-forward sweep method to solve the optimal system. The process begins with a initial guess on the control variable. Then, the state equations are simultaneously solved with an initial guess forward sweep method in time and the adjoint equations are solved backward sweep method in time because of the transversality conditions. The control is updated by inserting the new values of states and adjoints into its characterization, and the process is repeated until convergence occurs.
In Figure 10 (A), the plot represent the population of susceptible individuals (S) with optimal control vaccination. In Figure 10 (B), the plot represent the population of infected indi- 
In Figure 10 (A), 10(B), 10(C), we plot the susceptible, infected and recovered individuals using system (6.3). In our graph, note that the solid line represent the population of susceptible, infected and recovered individuals with control. The dotted line represent the population of susceptible, infected and recovered individuals without control. Now we consider Figure 11 and Figure 12 . The graphs represent the adjoint variables λ 1 , λ 2 and λ 3 in the optimal system. Figure 12 shows the control variable u(t) plotted as a function of S and λ 1 for the weight factor c = 1 in the population. We observe that the control variable u at a time t play a significant role in minimizing the probability that the infected individuals spread the disease in the population. 
Summary
In this paper, we have formulated a stochastic SIR model for the spread of disease throughout a homogeneous community of a fixed size. Assume that the times that an individual spends in distinct states are exponentially distributed. We consider general diffusion term, hence, we have a family of stochastic SIR model. In Section 3, we established a positive unique Figure 6 . We obtain, the disease -free equilibrium is unstable. A remarkable fact of the criteria η(S, I , R) ≤ 0 on D is that a sufficient condition for stability can be found even for general local Lipschitz continuous F i 's.
We have investigated pth -moment exponential stability of stochastic SIR model ( we simulated outcomes of the deterministic SIR model with and without control. It is evident that introducing an optimal control is an effective measure of decreasing the infected in the population. Finally, our results reveal that a certain type of stochastic perturbation may help stabilize the system. Furthermore, we visualized our results numerically.
